Abstract. We give a definition of an integer
Introduction
A spherical curve is the image of a generic immersion of a circle into a 2-sphere. Any two spherical curves are transformed into each other by a finite sequence of deformations of three types RI, RII, and RIII, each of which is a replacement of a part of the curve as Fig. 1 . The deformations are obtained from Reidemeister Figure 1 . Deformations of three types: RI, RII, and RIII. moves of type Ω 1 , Ω 2 , and Ω 3 on knot diagrams by ignoring over/under information of double points. It is known that a finite number of repetitions of Reidemeister moves suffice to take any one diagram of a knot to any other.
Deformations of 5 types arise 32 (= 2 5 ) equivalence relations. By [11] , it is known that 32 equivalence relations arise a non-trivial classification problem for each of 20 equivalence relations that are mutually different. For these equivalence relations, some interesting problems are known [6] . For example, we call an equivalence relation generated by deformations of types RI and weak RIII weak (1, 3) homotopy, and for it, Question 1 had remained unanswered by 2018 1 . For a spherical curve P , we choose an orientation and replace every double point with the positive crossing, with respect to the orientation, as shown in Fig. 3 . (1, 3) homotopy class to the positive knot isotopy class. In 2013, Question 1 was given by S. Kamada and independently Y. Nakanishi [6] .
Question 1. Is the induced map [f ] injective?
The above map [f ] also immediately implies that every knot invariant is a positive knot invariant, which is a weak (1, 3) homotopy invariant of spherical curves.
Let
w13 , resp.) be a vector space generated by signed arrow diagrams (arrow diagrams, resp.) with at most n arrows, where each element of the vector space is a knot invariant (an invariant under weak (1, 3) homotopy, resp.). BarNatan, Halacheva, Leung, and Roukema [2] compute dim V (n) knot /V (n−1) knot of spaces of finite type invariants obtained from the Polyak Algebra, which is generated by arrow diagrams and which has relations induced by Reidemeister moves Ω 1 , Ω 2 , and Ω 3 . We obtain the computation of dim V The difficulty of Question 1 motivates this paper because there may be no arrow diagram formula that is invariant under weak (1, 3) homotopy and is not invariant under knot isotopy. In this paper, we introduce a systematic computation (Theorem 1 of Section 2.3) and an actual computation with an aid of computers (Section 4) to obtain functions under weak (1, 3) homotopy.
Preliminaries and main results
2.1. Definitions and notations. In [16] , Polyak and Viro introduced a method for representing a knot diagram via what is called an oriented Gauss word. In this section, we first give a formal treatment of this concept (Definitions 3 and 4). Then we apply the idea of [16] to introduce integer-valued functions of spherical curves.
Definition 1 (Gauss word). Letn = {1, 2, 3, . . . , n}. A word w of length n is a mapn → N. The word w is represented by w(1)w(2)w(3) · · · w(n). For a word w :n → N, each element of w(n) is called a letter. A word u of length q (q ≤ n) is a sub-word of w if there exists an integer p (q ≤ p ≤ n) such that u(j) = w(n − p + j) (1 ≤ j ≤ q). A Gauss word of length 2n is a word w of length 2n satisfying that each letter in w(2n) appears exactly twice in w(1)w(2)w(3) · · · w(2n). Let cyc and rev be maps2n →2n satisfying that cyc(p) ≡ p + 1 (mod 2n) and rev(p) ≡ −p + 1 (mod 2n). For two Gauss word v and w of length 2n, v and w are isomorphic if there exists a bijection f : v(2n) → w(2n) satisfying the following: there exists t ∈ Z such that w • (cyc) t • (rev) ǫ = f • v (ǫ = 0 or 1). The isomorphisms obtain an equivalence relation on the Gauss words. For a Gauss word v of length 2n, denoted by [v] the equivalence class containing v.
Definition 2 (chord diagram
). An chord diagram is a configuration of n pair(s) of points up to ambient isotopy and reflection of a circle. This integer n is called the length of the chord diagram. Traditionally, two points of each pair are connected by a simple arc. This arc is called a chord. Let G ≤d be the set of chord diagrams consisting of at most d chords. We note that the equivalence classes of the Gauss words of length 2n have one to one correspondence with a chord diagrams, each of which has n chords. We identify these four expressions (Fig. 4) and freely use either one of them in Section 4.1.
Definition 3 (oriented Gauss word). For a given Gauss word v and for each letter k of v, we distinguish the two k's in v by calling one k a starting point and the other an end point. We express the assignments by adding extra informations to v = v(1)v(2) · · · v(2n), that is, we add "¯" on the letters which are assigned end points. Then the new word v * is called an oriented Gauss word. Each letter of an oriented Gauss word is called an oriented letter. Let v * , w * be oriented Gauss words of length 2n induced from v, w. Without loss of generality, we may suppose that the set of the letters in v(2n) is {1, 2, . . . , n} (Clearly, v * is a word of length 2n with letters {1, 2, . . . , n, 1, 2, . . . , n}). We say that v * is isomorphic to w * if there exists a bijection f : v(2n) → w(2n) such that there exists t ∈ Z such that w * • (cyc) t = f * • v * where f * : v * (2n) = {1, 2, . . . , n, 1, 2, . . . , n} → w * (2n) is the bijection such that f * (i) = f (i) and f * (i) = f (i) (i = 1, 2, . . . , n). The isomorphisms give an equivalence relation on the oriented Gauss words. For is obtained from v * by ignoring some pairs of letters, each of which arises from a common number. Then Sub(v * ) denotes the set of the oriented sub-Gauss words of v * .
Definition 4 (arrow diagram
). An arrow diagram is a configuration of n pair(s) of points up to ambient isotopy on a circle where each pair of points consists of a starting point and an end point. The integer n is called the length of the arrow diagram. Traditionally, two points of each pair are connected by a simple arc and an assignment of starting and end points on the boundary points of the chord is represented by an arrow on the chord from the starting point to the end point. This oriented arc is called an arrow. Here, we note that, in general, v * and v * • rev are not isomorphic, and this implies that an arrow diagram and its reflection image are not ambient isotopic in general. Thus, in this paper, we express this condition by assigning an arrow on the circle representing the counter clockwise direction (Fig. 5) . We note that the equivalence classes of the oriented Gauss words of length 2n have one to one correspondence with the arrow diagrams, each of which has n arrows. In the rest of this paper, we identify these four expressions, and freely use either one of them depending on situations.
). LetǦ <∞ be the set of the arrow diagrams, that is, the set of isomorphism classes of the oriented Gauss words. It is clear thatǦ <∞ consists of countably many elements. Hence, there exists a bijection betweenǦ <∞ and {x
Definition 5 (an arrow diagram AD P of a spherical curve P ). Let P + be an oriented spherical curve, i.e. there is a generic immersion g : S 1 → S 2 such that g(S 1 ) = P + . Then, P − denotes the oriented spherical curve with the opposite orientation. We define an arrow diagram of P + (e.g., Fig. 7 ) as follows: Let k be the number of the double points of P + , and m 1 , m 2 , . . . , m k mutually distinct positive integers. Let K P ǫ be the knot diagram obtained from P ǫ by replacing every double point with the positive crossing (with respect to the orientation) as shown in Fig. 6 . Fix a base point, which is not a double point on K P + . Starting from the base point, proceed along P + according to the orientation of K P + . Assign m 1 to the first double point that we encounter. Then, assign m 2 to the next double point that we encounter provided it is not the first double point. Suppose that we have already assigned m 1 , m 2 , . . . , m p . Then, assign m p+1 to the next double point that we encounter if it has not been assigned yet. Following the same procedure, we finally label the double points of P + . Note that g −1 (double point assigned m i ) consists of two points on S 1 and we shall assign the pair (m i ,m i ) to them by assigning starting point labeled by m i (end point labeled bym i , resp.) to the over path (under path, resp.). The arrow diagram represented by g −1 (double point assigned (m 1 ,m 1 )),
1 is denoted by AD P and is called an arrow diagram of the spherical curve P + .
Remark 1. It is easy to show that the arrow diagram corresponding to P −ǫ is ambient isotopic to a reflection of AD P ǫ , where (ǫ, −ǫ) = (+, −) or (−, +).
Recall that AD P ǫ gives an equivalence class of oriented Gauss words, say
Then, by the definition of the equivalence relation, it is easy to see that the map
Notation 2 (x * (AD)). Let x * ∈ {x * i } i∈N (, hence, x i represents an arrow diagram). For a given arrow diagram AD, fix an oriented Gauss word G * representing AD.
Let G ′ * be another oriented Gauss word representing AD. By the definition of the isomorphism of the Gauss words, it is easy to see x * (G ′ * ) = x * (G * ). Hence, we shall denote this number by x * (AD). If AD is an arrow diagram of an oriented spherical curve P ǫ , then x * (AD) can be denoted by x * (P ǫ ).
Since each equivalence class of the oriented Gauss words is identified with an arrow diagram, we can calculate the number x * (AD) by using geometric observations. We explain this philosophy in the next example.
Example 2. We consider the arrow diagram AD in Fig. 8 (cf. Fig. 7 ). Then we label the arrows of AD by α i (1 ≤ i ≤ 6) as in the center figure of Fig. 8 . Consider the subset of the power set of {α 1 , α 2 , . . . , α 6 }, each element of which represents a chord diagram isomorphic to ⊗. It is elementary to see that this subset consists of eleven elements, those are, {α 1 , α 2 }, {α 1 , α 3 }, {α 1 , α 4 }, {α 1 , α 5 }{α 2 , α 3 }, {α 2 , α 4 }, {α 2 , α 6 }, {α 3 , α 4 }, {α 3 , α 5 }, {α 4 , α 5 }, and {α 5 , α 6 }, and that fact shows that ♥ ✒ ❅ ■ * (AD) = 11. Similarly, we have values of x * (AD) for several x * 's as in Fig. 8 . Let AD be an arrow diagram consisting of arrows α 1 , α 2 , . . . , α k . Then the arrow diagram consisting of a subset of {α 1 , α 2 , . . . , α k } is called a sub-arrow diagram of AD.
Example 3. Consider the arrow diagram AD P + in Fig. 9 , which is obtained from P in Fig. 7 with an appropriate orientation. Then we have the values of x * (P ǫ ) for several x * 's as in Fig. 9 .
. Let x * be an arrow diagram. We define the functioñ x * from the set of the oriented Gauss words to {0, 1} bỹ
By definition, it is easy to seex We note that in Definition 7, if the oriented Gauss word G * is obtained from an oriented spherical curve P ǫ , then each relator corresponds to a deformation: Type (Ǐ) relator to RI, Type (ŠII) relator to strong RII, Type (WII) relator to weak RII, Type (ŠIII) relator to strong RIII, and Type (WIII) relator to weak RIII. For the precise statement of this note, we introduce the following setting.
We first introduce the following notations. Let P ǫ and P ′ ǫ be two oriented spherical curves. If P ǫ is related to P ′ ǫ by a single RI (strong RII, weak RII, strong RIII, or weak RIII resp.), then there are oriented Gauss words G * and G ′ * such that (by exchanging P and P ′ , if necessary), G * = Siī (Sīi, SijT jī, SījTji, SījT ij, SījTkiUjk, SkjT ikU jī, SījT ikU jk, or SkjTkiUjī resp.) and (Fig. 11) . The subset of Sub(G * ) such that each element has exactly m pairs of letters, each of which arises from i, j, and k is denoted by Sub (m) (G). By definition,
Similarly, for an arrow diagram x * , Sub arises from i, j, and k. Then, 
Note that each element z * 0 ∈ Sub (0) (G * ) is an oriented sub-Gauss word of S. Then it is clear that Sub
On the other hand, since Sub(G ′ * ) is identified with Sub (0) (G * ),
As a conclusion, the difference of the values is calculated as follows.
We note that this is a linear combination of the values of Type( I) relators viax * i . For the case Type (ŠII), (WII), (ŠIII), or (WIII) relators, the arguments are slightly more complicated than that of Type (Ǐ) relator. We will explain them in the proof of Theorem 1 and thus, we omit them here.
, whereŘ 1 is the set of the Type (Ǐ) relators (corresponding to RI),Ř 2 is the set of the Type (ŠII) relators (corresponding to strong RII),Ř 3 is the set of the Type (WII) relators (corresponding to weak RII),Ř 4 is the set of the Type (ŠIII) relators (corresponding to strong RIII), andŘ 5 is the set of the Type (WIII) relators (corresponding to weak RIII).
Here, note thatǑ b,d is a linear map. By the definition, we immediately have:
By using Lemma 1, we have the next proposition.
5 , letŘ ǫ1ǫ2ǫ3ǫ4ǫ5 be the set as in Definition 9. The following two statements are equivalent:
(1)
(2)
Proof.
• (1) ⇒ (2). This is obvious.
By the condition (2),
Then,
Recall that rev is the map2n →2n such that rev(p) ≡ −p + 1 (mod 2n). Also recall that we have fixed one to one correspondence between the set of isomorphism classes of the oriented Gauss words and {x * i } i∈N . Definition 10. We say that the pair (x * i , x * j ) is a mirroring pair if there exist oriented Gauss words v
, and v * = w * • rev. We say that the mirroring pair ( = ♥ ❄ ❄ ✲ (P ) for every spherical curve P by the argument similar to [7, Lemma 1] . 
• If ǫ 2 = 1,
• If ǫ 3 = 1,
• If ǫ 4 = 1,
• If ǫ 5 = 1,
is an integer-valued invariant of oriented spherical curves
under the deformations corresponding to ǫ j = 1.
If, in addition to the above, for each mirroring pair (x *
i , x * j ), one of the following two conditions is satisfied:
i is an integer-valued invariant of spherical curves under the deformations corresponding to ǫ j = 1.
Definition 11 (irreducible arrow diagram). Let x
* be an arrow diagram. An arrow α in x * is said to be an isolated arrow if α does not intersect any other arrow. An arrow diagram x * is said to be irreducible if x * has no isolated arrow. The set of the irreducible arrow diagrams is denoted byǏ rr. LetǏ
Under the notation of Example 1, we note that the set of irreducible elements ofǦ 2,3 consists of seven elements, those are,
Lemma 2. Let x * ∈Ǐ rr and let r * ∈Ř ǫ1ǫ2ǫ3ǫ4ǫ5 (b, d).
If we consider the function of the form i∈Ǐ
in Theorem 1, we obtain:
and i∈Ǐ
Suppose the following conditions are satisfied:
•
i is an integer-valued invariant of oriented spherical curves under RI and the deformations corresponding to ǫ j = 1.
If, in addition to the above, for each mirroring pair (x * i , x * j ), one of the following two conditions is satisfied:
i is an integer-valued invariant of spherical curves under RI and the deformations corresponding to ǫ j = 1.
Proof of Corollary 1 from Theorem 1. By Theorem 1, it is enough to show
for a proof of Corollary 1. We first note that if x * i ∈Ǐ rr, then x * i has no isolated chords. On the other hand, let r * ∈Ř 10000 (b, d), that is, there exist an oriented Gauss word S and a letter j such that r
. Then, the chord corresponding to j is isolated. These show thatx * i (r * ) = 0. This shows that (4) holds. This fact together with Theorem 1 immediately gives Corollary 1.
Definition 12 (connected arrow diagram). Let v
* be an oriented Gauss word of length 2m and w * an oriented Gauss word of length 2n where v * (2 m) ∩ w * (2n) = ∅. Then we define the oriented Gauss word of length 2(m + n), denoted by v
If an arrow diagram is not a product of two non-empty arrow diagrams, then the arrow diagram is called a connected arrow diagram. The set of the connected arrow diagrams is denoted byČonn. LetǏ
It is easy to see that if a connected arrow diagram has at least two oriented chords, then it is irreducible. Note that the arrow diagram consisting of exactly one chord is connected but not irreducible.
Recall thatČ is the set of the ambient isotopy classes of the oriented spherical curves.
Definition 13 (connected sum). Let P ǫ1 1 and P ǫ2 2 ∈Č. We suppose that P ǫ1 1 and P ǫ2 2 are obtained from P 1 and P 2 , respectively ((ǫ 1 , ǫ 2 ) ∈ {+, −} 2 ) and suppose that the ambient 2-spheres are oriented. Let p i be a point on P Definition 14 (additivity). Let I be a function onČ. We say that I is additive if
Then, consists of more than one chords, i.e., x * i ∈Ǐ rr (see the note preceding Definition 13). By Theorem 1, it is enough to show 
2 . This fact implies i∈Ǐ
α ix * i is additive. These facts together with Theorem 1 immediately give Corollary 2.
3. Proof of Theorem 1.
• (Proof of Theorem 1 for the case ǫ 1 = 1.) Let P and P ′ be two oriented spherical curves where P ǫ is related to P ′ ǫ by a single RI, hence, there exist an oriented letter i and an oriented Gauss word S such that
Since the arguments are essentially the same, we may suppose, without loss of generality,
As we observed just before Definition 9, we have
By the assumption of this case, for each z 0 ∈ Sub (0) (G * ),
and this shows that
• (Proof of the case ǫ 2 = 1.) Let P ǫ and P ′ ǫ be two oriented spherical curves where P ǫ is related to P ′ ǫ by a single strong RII, hence, there exist two oriented Gauss words G = SijT jī (or SījTji) and G ′ = ST U corresponding to P ǫ and P ′ ǫ , respectively, i.e.,
By (1) in Subsection 2.1 and (2) in Subsection 2.2, we obtain (note that Sub (3) (G * ) = ∅):
We note that since G is an oriented Gauss word z 0 uniquely admits a decomposition into two sub-words, which are sub-words on S and T . Let σ(z * 0 ) be the sub-word of S and τ (z * 0 ) the sub-word of T satisfying z *
(for the definition of sub-words, see Definition 2.1). Under these notations, we define maps
Then, it is easy to see that Sub
These notations together with the above give:
Here, we note that by the condition for the case ǫ 2 = 1, for any for any z * 0 ∈ Sub (0) (G * ),
Here, one may think that
0 by the condition for the case ǫ 2 = 1. However, the condition says that the equation holds for each r * ∈Ř 01000 (b, d), and we note that [z *
However, even when this is the case we see that
Thus,
The proof for the case when
] can be carried out as above, and omit it.
• (Proof of the case ǫ 3 = 1.) Since the arguments are essentially the same as that of the case ǫ 2 = 1, we omit this proof.
• (Proof of the case ǫ 4 = 1.) Let P ǫ and P ′ ǫ be two spherical curves where P ǫ is related to P ′ ǫ by a single strong RIII, hence, there exist two oriented Gauss words G = SījTkiUjk and G ′ = SjīT ikU kj corresponding to P ǫ and P ′ ǫ , respectively, i.e.,
By (1) in Subsection 2.1 and (2) in Subsection 2.2, we obtain:
, the above equations show:
, which is identified with Sub (0) (G ′ * ). We note that since G * is an oriented Gauss word z * 0 uniquely admits a decomposition into three subwords, which are sub-words on S, T , and U . Let σ(z * 0 ) be the sub-word of S, τ (z * 0 ) the sub-word of T , and µ(z * 0 ) the sub-word of U satisfying z *
By using these notations, we obtain:
Here, we note that
Hence, by the assumption of Case ǫ 4 = 1 and by Proposition 1 (cf. Proof of the case ǫ 2 = 1), for each z * 0 ,
These show that
The proof for the case when AD P ǫ = [[SkjT ikU jī]] can be carried out as above, and omit it.
• (Proof of the case ǫ 5 = 1.) Since the arguments are essentially the same as that of the case ǫ 4 = 1, we omit this proof.
Note that either condition (1) or (2) is satisfied, for each mirroring pair (x * i , x * j ), we have:
.
A method of a computation by a computer program
In order to obtain the following program, we use C + +11 and Mathematica, and to compute a rank of a vector space (i.e., a kernel space) of functions, each of which is invariant under RI and strong or weak RIII.
4.1. Nomal Gauss words. In this section, we introduce normal Gauss words for (unoriented) Gauss words. Since it is worth seeing the unoriented case before we see the oriented case in Section 4.2, we first discuss it to obtain the set of Gauss words.
Definition 15 (normal Gauss word). For every Gauss word G, each letter appears twice in G. Then, the letter firstly (secondary, resp.) appearing is called the former (latter, resp.) letter. Let G be a Gauss word of length 2n. Suppose that we read letters in G from the left to the right, and the former letters are labelled in the order 1, 2, 3, . . . , n. Then, the Gauss word G is called a normal Gauss word. The set of normal Gauss words of length 2d is denoted by N d .
Example 6. The Gauss word 121233 (1234255143, resp.) is a normal Gauss word. The Gauss word 131322 (2342551431, resp.) is not a normal Gauss word. The Gauss word obtained by Definition 5 is a normal Gauss word.
By using normal Gauss words, N d is obtained from N d−1 . First, for an element of N d−1 , we replace each letter i with i + 1, and the resulting Gauss word is denoted by w. Second, we consider 2d blanks arranged in a line, and we put the former of the letter "1" in the leftmost blank and consider every possibility of the position of the latter of the letter "1". Then, we ignore the former and the latter of the letter "1" and put w into 2(d − It is clear that r is obtained from a normal Gauss word of type 12Si1T i2U , as shown in Fig. 13 , which is given by adding letters to 123132. As a first example we Figure 13 . The chord diagram corresponding to 12Si1T i2U (i = 3). add a single letter (corresponding to a chord as in Fig. 14) to 123132. Then, we have chord diagrams as in Fig. 15 . Such a word is regarded as a word consisting In general, we obtain a normal Gauss word of type 12Si1T i2U by the following steps:
• (Step 1) The list of normal Gauss words of length 2(n − 3) is given. • (Step 4) Replace a leftmost (center, rightmost, resp.) dot with two successive letters "12" ("31", "32", resp.).
• (Step 5) Fix the normal Gauss word that is isomorphic to the resulting
Gauss word. For every positive integer n (n ≥ 4), the process obtains the set {v | v is a normal Gauss word of type 12Si1T i2U of length 2n }.
Normal oriented Gauss words.
Next, we see a computation using oriented Gauss words. In our program, denote an oriented Gauss word w * by letter_list that is a sequence of letters corresponds to w * . In order to obtain a description of an orientation of letters, let letter_list[i] is 0 (1, resp.) if w * (i) is a starting point (an end point, resp.). The orientations of letters are enumerated by a lexicographic order in the following: for a Gauss word of length 2, all possibilities are → and ← that are represented by {0, 1} and {1, 0}, respectively in our program.
For a Gauss word of length 4, all possibilities are {{0,1}, {0,1}}, {{0,1}, {1,0}}, {{1,0}, {0,1}}, {{1,0}, {1,0}}.
Example 8. w * = 123132 with the information of orientations {{1, 0}, {0, 1}, {1, 0}} impliy orientation_list = {1, 0, 1, 0, 0, 1}.
Then, by applying the process (Step 1)-(Step 5) and the above lexicographic order with respect to 0 and 1, we haveǦ ≤n the set of isomorphism classes of oriented Gauss words of length ≤ 2n. Similar to an unoriented case (the toy model), we obtain {v | v is a normal oriented Gauss word of type jkSījT ikU or jkSi jTīkU of length 2n }, which obtainsŘ 00001 (2, n). 00010 (2, 3) ). Every element inǦ 2,3 ∩ Conn is listed as follows.
Example 9 (Ř

Then, (if necessary,) we redefine
✒ ❅ ■ ✻, and x * 7 = ♥ ✒ ❅ ■ ❄ . Also every oriented Gauss word of typejkSī jTkiU orjiSkjT ikU inŘ 00010 (2, 3) is listed as follows.
Then, we list relators
Here, note thatǑ Irr (r * By Corollary 2, the following functions are invariant of spherical curves under RI and strong RIII.
Note that [10] introduced an invariant
and it can be deduced from
Example 10 (Ř 00001 (2, 3) ). Every element inǦ 2,3 ∩Conn is listed as in Example 9. Every oriented Gauss word of type jkSījT ikU orjīSk jTkiU inŘ 00001 (2, 3) is listed as follows.
Then, we list relators 
It is elementary to show that dim V w (2, 3) = 1, and the set of the solutions is {x = γ(−1, 1, Surprisingly, if we proceed to a discussion using unoriented Gauss diagrams (cf. Definition 1, Definition 2, Section 4.1, and [10] ), for every number b of chords (2 ≤ b ≤ 5), there is no function that is invariant under weak (1, 3) homotopy (some examples for other homotopies, computations are given by [8] ). However, by the above table, for oriented versions, i.e., for everyǦ b,b+1 (2 ≤ b ≤ 5), there exists a function that is invariant under weak (1, 3) homotopy. Tables   Tables 1 and 2 or Table 3 list the prime reduced spherical curves up to seven double points. Table 3 represents values of three invariants (I 1 , I 2 , I 3 ) obtained from Section 4.2. In Table 3 , for any pair of spherical curves P and P ′ in a box, (I 1 (P ), I 2 (P ), I 3 (P )) = (I 1 (P ′ ), I 2 (P ′ ), I 3 (P ′ )). Further, except for the pair 7 4 and 7 B , it is easy to show that any pair of spherical curves in the same box in the leftmost column are related by a finite sequence generated by RI and strong RIII. For the pair 7 4 and 7 B , see Fig. 16 . The sequence of Fig. 16 is obtained by [13] . Tables 4-6 Figure 16 . A sequence generated by RI and strong RIII between 7 4 and 7 B . The leftmost equality "=" is an ambient isotopy on S 2 .
5.
are the list ofǦ 4,5 ∩ Conn. Tables 7-19 Any pair of prime spherical curves in the same box in the leftmost column are related by a finite sequence generated by RI and strong RIII. Table 9 . The third one of the 13 tuples (corresponding to dim V ori w (4, 5) = 13) consisting of the coefficients in the order of G 4,5 ∩ Conn (Tables 4-6 
